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SOME REMARKS ON HOMOGENEOUS KA¨HLER MANIFOLDS
ANDREA LOI, ROBERTO MOSSA
Dipartimento di Matematica e Informatica, Universita` di Cagliari, Via Ospedale
72, 09124 Cagliari, Italy
Abstract. In this paper we provide a positive answer to a conjecture due
to A. J. Di Scala, A. Loi, H. Hishi (see [3, Conjecture 1]) claiming that a
simply-connected homogeneous Ka¨hler manifold M endowed with an integral
Ka¨hler form µ0ω, admits a holomorphic isometric immersion in the complex
projective space, for a suitable µ0 > 0. This result has two corollaries which
extend to homogeneous Ka¨hler manifolds the results obtained by the authors
in [8] and in [12] for homogeneous bounded domains.
1. Introduction and statement of the main results
The paper consists of three results: Theorem 1.1, Theorem 1.2 and Theorem 1.3.
Our first result answer positively to a conjecture due to A. J. Di Scala, A. Loi, H.
Hishi (see [3, Conjecture 1]), namely:
Theorem 1.1. Let (M,ω) be a simply-connected homogeneous Ka¨hler manifold
such that its associated Ka¨hler form ω is integral. Then there exists a constant
µ0 > 0 such that µ0 ω is projectively induced.
Before stating our second result (Theorem 1.2), we recall the definitions of a
Berezin quantization and diastasis function. Let (M,ω) be a symplectic manifold
and let {·, ·} be the associated Poisson bracket. A Berezin quantization on M is
given by a family of associative algebras A~ ⊂ C
∞(M) such that
• ~ ∈ E ⊂ R+ and inf E = 0
• exists a subalgebra A ⊂ (⊕h∈EAh, ∗), such that for an arbitrary element
f = f(~) ∈ A, where f(~) ∈ A~, there exists a limit lim~→0 f(~) = ϕ(f) ∈
C∞(M),
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• hold the following correspondence principle: for f, g ∈ A
ϕ(f ∗ g) = ϕ(f)ϕ(g), ϕ
(
~
−1(f ∗ g − g ∗ f)
)
= i{ϕ(f), ϕ(g)},
• for any pair of points x1, x2 ∈ Ω there exists f ∈ A such that ϕ(f)(x1) 6=
ϕ(f)(x2)
Let (M,ω) be a real analytic Ka¨hler manifold. Let U ⊂M be a neighborhood of a
point p ∈M and let ψ : U → R be a Ka¨hler potential for ω. The potential ψ can be
analytically extended to a sesquilinear function ψ(p, q), defined in a neighborhood
of the diagonal of U × U , such that ψ(q, q) = ψ(q). Assume (by shrinking U)
that the analytic extension ψ is defined on U × U . The Calabi’s diastasis function
D : U × U → R is given by:
D(p, q) = ψ(p, p) + ψ(q, q) + ψ(p, q) + ψ(q, p).
Denoted by Dp(q) := D(p, q) the diastasis centered in a point p, one can see that
Dp : U → R is a Ka¨hler potential around p.
Our second result extends to any homogeneous Ka¨hler manifolds the results
obtained by the authors [8] for homogeneous bounded domains.
Theorem 1.2. Let (M,ω) be a homogeneous Ka¨hler manifold. Then the following
are equivalent:
(a) M is contractible.
(b) (M,ω) admits a global Ka¨hler potential.
(c) (M,ω) admits a global diastasis D : M ×M → R.
(d) (M,ω) admits a Berezin quantization.
Also to state the third result (Theorem 1.3) we need some definitions. The
diastatic entropy has been defined by the second author in [12] (see also [13])
following the ideas developed in [9] and [10]. Assume that ω admits a globally
defined diastasis function Dp : M → R (centered at p). The diastatic entropy at p
is defined as
Ent (M, ω) (p) = min
{
c > 0 |
∫
M
e−cDp
ωn
n!
<∞
}
. (1)
The definition does not depend on the point p chosen (see [13, Proposition 2.2]).
Assume that M is simply-connected and assume that there exists a line bundle
L → M such that c1(L) = [ω] (i.e. ω is integral). Let h be an Hermitian metric
on L such that Ric(h) = ω and consider the Hilbert space of global holomorphic
sections of Lλ = ⊗λL given by
Hλ,h =
{
s ∈ Hol(L) | ‖s‖2 =
∫
M
hλ(s, s)
ωn
n!
<∞
}
, (2)
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with the scalar product induced by ‖ · ‖. Let {sj}j=0,...,N , N ≤ ∞, be an orthonor-
mal basis for Hλ,h. The ε-function is given by
ελ(x) =
N∑
j=0
hλ(sj(x), sj(x)). (3)
This definition depends only on the Ka¨hler form ω. Indeed since M is simply-
connected, there exists (up to isomorphism) a unique L→M such that c1(L) = [ω],
and it is easy to see that the definition does not depend on the orthonormal basis
chosen or on the Hermitian metric h (see e.g [8] or [14, 15] for details). Under the
assumption that ελ is a (strictly) positive function, one can consider the coherent
states map f :M → CPN defined by
f(x) = [s0(x), . . . , sj(x), . . . ] . (4)
The fundamental link between the coherent states map and the ε-function is ex-
pressed by the following equation (see [16] for a proof)
f∗ωFS = λω +
i
2
∂∂ ελ, (5)
where ωFS is the Fubini–Study form on CP
N .
Definition. We say that λω is a balanced metric if and only if the ελ is a positive
constant.
We can now state our third and last result which extends to any homogeneous
Ka¨hler manifold, the result obtained by the second author [12, Theorem 2], about
the link between diastatic entropy and balanced condition on homogeneous bounded
domains.
Theorem 1.3. Let (M,ω) be a contractible homogeneous Ka¨hler manifold. Then
λω is balanced if and only if
Ent(M,ω) < λ. (6)
2. Proof the main results
We start with the following two lemmata, which provide a necessary and suffi-
cient condition on the non-triviality of the Hilbert space Hλ,h.
Lemma 2.1 (Rosemberg–Vergne [17]). 1 Let (M,ω) be a simply-connected ho-
mogeneous Ka¨hler manifold with ω integral. Then there exists λ0 > 0 such that
Hλ,h 6= {0} if and only if λ > λ0 and λω is integral.
Lemma 2.2. Let (M,ω) be a simply-connected homogeneous Ka¨hler manifold.
Then Hλ,h 6= {0} if and only if λω is a balanced metric.
1The authors thanks Hishi Hideyuki for reporting this result.
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Proof. Let F ∈ Aut(M)∩ Isom(M,ω) be an holomorphic isometry and let F˜ its lift
to L (which exists sinceM is simply-connected). Note that, if {s0, . . . , sN}, N ≤ ∞,
is an orthonormal basis for Hλ,h, then {F˜
−1 (s0 (F (x))) , . . . , F˜
−1 (sN (F (x)))} is
an orthonormal basis for H
λ,F˜∗h
. Therefore
ǫλ(x) =
N∑
j=0
F˜ ∗hλ
(
F˜−1(sj(F (x))), F˜
−1(sj(F (x)))
)
=
N∑
j=0
hλ (sj(F (x)), sj(F (x))) = ελ (F (x)) .
Since Aut(M)∩ Isom(M,ω) acts transitively onM , ελ is forced to be constant. 
Proof of Theorem 1.1 By Lemma 2.1 there exists λ > λ0, such that the Hilbert
space Hλ,h 6= {0}. By Lemma 2.2, ελ is a positive constant, so the coherent states
map f given by (4) is well defined. Moreover, by (5), we have that f∗ωFS = λω,
i.e. λω is projectively induced for all λ > λ0. The conclusion follows by setting
µ0 > λ0. 
The main ingredients for the proof of Theorem 1.2 are the following two lemmata.
The first one is the celebrated theorem of Dorfmeister and Nakajima which provides
a positive answer to the so called Fundamental Conjecture formulated by Vinberg
and Gindikin. The second one is a reformulation due to Engliˇs of the Berezin
quantization result in terms of the ε-function and Calabi’s diastasis function.
Lemma 2.3 (Dorfmeister–Nakajima [4]). A homogeneous Ka¨hler manifold (M,ω)
is the total space of a holomorphic fiber bundle over a homogeneous bounded domain
Ω in which the fiber F = E × C is (with the induced Ka¨hler metric) is the Ka¨hler
product of a flat homogeneous Ka¨hler manifold E and a compact simply-connected
homogeneous Ka¨hler manifold C.
Lemma 2.4 (Engliˇs [5]). Let Ω ⊂ Cn be a complex domain equipped with a real
analytic Ka¨hler form ω. Then, (Ω, ω) admits a Berezin quantization if the following
two conditions are satisfied:
(1) the function ελ(x) is a positive constant (i.e. λω is balanced) for all suffi-
ciently large λ;
(2) the function e−D(x,y) is globally defined on Ω×Ω, e−D(x,y) ≤ 1 and e−D(x,y) =
1, if and only if x = y.
Proof of Theorem 1.2 (a) ⇒ (b). By Lemma 2.3, since a homogeneous bounded
domain is contractible, M is a complex product Ω× F , where F = E × C is (with
the induced metric) a Ka¨hler product of a flat Ka¨hler manifold E and a compact
simply-connected homogeneous Ka¨hler manifold C. On the other hand E is Ka¨hler
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flat and therefore E = Ck × T where T is a product of flat complex tori. Hence
M is a complex product Ω × Ck × T × C. Since we assumed M contractible, the
compact factor T × C has dimension zero and M = Ω × Ck. It is well-know that
Ω is biholomorphic to a Siegel domain (see, [6] for a proof), therefore Ω × Ck
is pseudoconvex and a classical result of Hormander (see [2]) asserting that the
equation ∂u = f with f ∂-closed form has a global solution on pseudoconvex
domains, assures us the existence of a global potential ψ for ω (see also [11, 12],
and the proof of Theorem 4 in [3] for an explicit construction of the potential ψ).
(b) ⇒ (c). Let ψ :M → R be a global Ka¨hler potential for (M,ω). By Lemma
2.3, M = Ω×Ck×T ×C. The compact factor T ×C is a Ka¨hler submanifold of M ,
therefore the existence of a global Ka¨hler potential onM implies that dim(T ×C) =
0. So M = Ω× Ck.
Consider the Hilbert space Hλ,h defined in (2). Since Ω × C
k is contractible
the line bundle L ∼= M × C. So, the holomorphic section s ∈ Hλ,h can be viewed
as a holomorphic function s : M → C. As Hermitian metric h over L we can
take the one defined by h(s, s) = e−ψ|s|2. Hence Hλ,h can be identified with the
weighted Hilbert space Hλψ (see [7]) of square integrable holomorphic functions on
M = Ω× Ck, with weight e−λψ, namely
Hλψ =
{
s ∈ Hol(M) |
∫
M
e−λψ|s|2
ωn
n!
<∞
}
. (7)
Assume λ > λ0 with λ0 given by Lemma 2.1, so that Hλψ 6= {0}. Let {sj} be an
orthonormal basis for Hλψ , then the reproducing kernel is given by
Kλψ(z, w¯) =
∞∑
j=0
sj(z)sj(w).
Then, the ε-function (defined in (3)) reads as:
ελ(z) = e
−λψ(z)Kλψ(z, z¯). (8)
Let ψ (z, w) be the analytic continuation of the Ka¨hler potential ψ. By Lemma 2.2
there exists a constant C such that
ελ (z, w) = e
−λψ(z, w)Kλψ (z, w) = C > 0. (9)
Hence Kλψ (z, w) never vanish. Therefore, for any fixed point z0, the function
Φ (z, w) =
Kλψ (z, w)Kλψ (z0, z0)
Kλψ (z, z0)Kλψ (z0, w)
(10)
is well defined. Note that
Dz0 (z) =
1
λ
logΦ (z, z) (11)
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is the diastasis centered in z0 associated to ω and that Dz0 is defined on whole M .
Since we can repeat this argument for any z0 ∈M , we conclude that the diastasis
D :M ×M → R is globally defined.
(c) ⇒ (d). Arguing as in “(b) ⇒ (c)”, the existence of a global diastasis
implies that M is a complex product Ω×Ck. Therefore, as in (7) Hλ,h ∼= HλDz0 ={
s ∈ Hol(M) |
∫
M
e−λDz0x|s|2 ω
n
n! <∞
}
. Assume λ > λ0 with λ0 given by Lemma
2.1 and consider the coherent states map f given by (4). By Lemma 2.2 ελ is a
positive constant and by (5) we conclude that f∗ωFS = λω.
By [8, Example 6], the Calabi’s diastasis function DFS associated to ωFS is
such that e−DFS is globally defined on CPN × CPN . Since the diastasis D is
globally defined on M , by the hereditary property of the diastasis function (see [1,
Proposition 6]) we get that, for all x, y ∈M ,
e−DFS(f(x),f(y)) = e−λD(x,y) =
(
e−D(x,y)
)λ
(12)
is globally defined on M ×M . Since, by [8, Example 6], e−DFS(p,q) ≤ 1 for all
p, q ∈ CPN it follows that e−D(x,y) ≤ 1 for all x, y ∈M . By Lemma 2.4, it remains
to show that e−D(x,y) = 1 iff x = y. By (12) and by the fact that e−DFS(p,q) = 1
iff p = q (again by [8, Example 6]) this is equivalent to the injectivity of the
coherent states map f . This follows by [3, Theorem 3], which asserts that a Ka¨hler
immersion of a homogeneous Ka¨hler manifold into a finite or infinite dimensional
complex projective space is one to one.
(d) ⇒ (a). By the very definition of Berezin quantization there exists a global
potential for (M,ω). By Lemma 2.3 we deduce, as above, that M is a complex
product Ω×Ck, where Ω is a bounded homogeneous domain which is contractible.
Proof of Theorem 1.3 By (c) in Theorem 1.2, the diastasis D : M ×M → R is
globally defined. Assume that λω is balanced i.e. that ελ is a positive constant.
Since the ελ does not depend on the Ka¨hler potential, by (9) we have
ελ (z, w) = e
−λDz0(z, w)KλDz0 (z, w) = C (13)
whereDz0 (z, w) denote the analytic continuation of Dz0 (z) andKλDz0 is the repro-
ducing kernel forHλDz0 . By (10), with w = z0, we getDz0 (z, z0) =
1
λ
logΦ (z, z0) =
0. Hence
C = e−λDz0(z, z0)KλDz0 (z, z0) = KλDz0 (z, z0) ∈ HλDz0 .
Thus HλDz0 contains the constant functions and∫
M
e−λDz0
ωn
n!
<∞.
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Therefore, by definition of diastatic entropy,
Ent (M,ω) (z0) < λ <∞.
On the other hand, if for some z0, Ent (M,ω) (z0) < λ, then HλDz0 6= {0} and by
Lemma 2.2 we conclude that λω is balanced. 
Remark 2.5. From the previous proof, we see that if M is simply-connected, then
Ent(M,ω)(z0) = λ0 for any z0 ∈ M , where λ0 is the positive constant defined in
Lemma 2.1.
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